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Optimal Multi-User Scheduling for the Unbalanced
Full-Duplex Buffer-Aided Relay Systems
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Abstract— Multi-User scheduling is challenging due to the
channel unbalance problem, which leads to system performance
degradation. In this paper, two optimal multi-user scheduling
schemes maximizing the system throughput are proposed for
the fixed and adaptive power transmission scenarios of the full-
duplex (FD) multi-user buffer-aided relay system, respectively.
Independent and non-identically distributed (i.ni.d.) model is
used to characterize the unbalanced channels of different links.
In particular, the optimal weight factor of each pair is designed
based on the statistical channel state information in both scenar-
ios. With the weight factors, the proposed schemes are able to
balance the throughput gaps between different links. In addition,
we propose an optimal power allocation scheme with closed-
form expressions under average power constraint for the adaptive
power transmission scenario. By combining the optimal weight
factor and the power allocation scheme, novel optimal selection
function is obtained to facilitate the selection process. Considering
the specific i.ni.d. Rayleigh fading, the system throughput is
further derived in both cases. Theoretical analysis is verified
by the numerical simulations and the results demonstrate the
superiority of the proposed schemes.

Index Terms— Buffer-aided relay, full-duplex mode, multi-user
scheduling, power allocation, unbalanced channels.

I. INTRODUCTION
HE development of wireless communication technolo-
gies, including the Internet of Things, vehicular-to-
everything communication and so on, predict one of the
key attributes, i.e., dense user environment, of the future
wireless communication systems. In the fifth generation wire-
less communication systems, it is envisioned the number of
the connected devices will increase 10-100 times over the
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current paradigms [2]. Under dense user environment, user
scheduling schemes play important roles in improving the
system performance, especially when the system resource is
limited. When multiple users need to contend for the same
radio resources, selecting the best user is critical to improve the
system performance, e.g., achievable rate, outage probability
or latency. On the other hand, the relaying technology is
expected to extend coverage of cellular systems and improve
the throughput of cell-edge users [3]. In addition, it is a cost-
effective solution by deploying relay nodes in the hot-areas,
i.e., dense user areas, to unload the traffic pressure of the
base stations [4]. In this context, it is urgent to design an
effective multi-user scheduling scheme to allocate the limited
resource to multiple users. However, this is a challenging
problem due to the unbalanced channel qualities, which leads
to different throughput of different links. This paper is dedi-
cated to proposing two optimal multi-user scheduling schemes
for the full-duplex (FD) buffer-aided multi-user relay system
under the fixed and adaptive power transmission scenarios,
respectively. Numerical simulations validate the effectiveness
of the proposed schemes.

A. Background and Motivation

A lot of efforts have been made on the topic of multi-
user relay systems, where multiple sources intend to com-
municate with pre-paired multiple destinations via the relay
node [5]-[11]. The practical scenario of the considered system
includes the relay-assisted device-to-device communication,
where multiple devices exchange information with another
set of devices under the help of the relay node [12]. In [6],
the sum rate of the multiple-input multiple-output (MIMO)
relay system with multiple source-destination pairs was ana-
lyzed. The power allocation algorithms were studied in [7]
to 1) minimize the total transmit power of the sources and
the relay under the required signal-to-interference-plus-noise
ratio (SINR) constraint of each pair; 2) maximize the minimum
SINR of all source-destination pairs subject to the given
total power budget. In [8], the authors proposed a multi-
user scheduling scheme, where multiple users were selected
simultaneously, to minimize the multi-user interference and
achieve the diversity gain. Later, the massive MIMO approach,
where the number of antennas at the relay node was assumed
to approach to infinity, was investigated for the multi-user
relay system. [9], [10] studied the spectral efficiency and
energy efficiency of the massive MIMO multi-user relay
system. The users’ ergodic rates of the massive MIMO multi-
user relay system were analyzed in [11]. In addition to the
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MIMO relay systems, in [13], [14], the authors studied the
achievable rate and outage probability of the single antenna
multi-user relay system. The Max link selection scheme was
considered and the results verified that the multi-user diversity
gain could be obtained to improve the system performance.
The norm based and minimal distance based schemes were
proposed in [15] to select users to exchange information.

In recent years, the co-time co-frequency FD mode, which
enables the transmitting and receiving simultaneously within
the same frequency band, has been proposed [16]-[18]. The
experimental results showed that the self-interference incurred
by the FD mode can be suppressed to the noise level [18]-[20].
The authors in [21] showed that the FD mode has the potential
to double the rate of the HD counterpart. For the FD relay
system, [22], [23] proposed the Max-Min multi-user schedul-
ing scheme under the independent but non-identically distrib-
uted (i.ni.d.) fading environment. The results demonstrated that
the system performance is degraded by the channel unbalance
problem since the poorer links serve as the bottleneck of
improving the system performance. To achieve more flexible
link selection, some researchers considered buffers at the relay
node. In [24], the authors studied the buffer-aided relay system
and proposed an adaptive link selection scheme. In [25], [26],
the Max-Max link selection scheme and Max link selection
scheme based on the instantaneous SINR were proposed.
However, even with the consideration of buffers, these link
selection schemes in [24]-[26], which were based on the
instantaneous channel state information (CSI), cannot solve
the channel unbalance problem. The reason is that due to
the randomness, the instantaneous channel coefficients cannot
reflect the long-term link qualities. Hence, system performance
is restricted by the links with poorer channel qualities (more
details are discussed in the section III-A). To the best of the
authors’ knowledge, how to effectively solve the multi-user
scheduling problem under unbalanced fading environment for
the multi-user relay system still remains to be solved.

B. Contributions

This paper is dedicated to solving the channel unbalance
problem for the multi-user relay system, aiming at achieving
maximum system throughput. In particular, we consider a
multi-user FD buffer-aided relay system with i.ni.d. channel
environment, where multiple pairs of users compete for the
relay node to exchange information. Two optimal multi-user
scheduling schemes are proposed for the considered system
under the fixed and adaptive power transmission scenarios,
respectively. In the proposed schemes, weight factor of each
link is calculated according to the long-term statistical CSI.
By designing the optimal weight factors, the proposed scheme
can effectively solve the channel unbalance problem and
maximize the system throughput. It is noted that the notion
of weight factor has been widely used in the proportional
fair scheduling (PFS) scheme [27], [28]. However, the PFS
scheme is mainly designed for the one-hop link systems
such that it cannot fit the two-hop relay systems due to the
coupled relationship between the first hop, i.e., source-to-relay,
and second hop, i.e., relay-to-destination. Hence, the existence
of the PFS scheme does not diminish the contribution of this
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paper. In summary, the main contributions of this paper are
listed as follows.

o In the fixed power transmission scenario, different from
the previous user scheduling schemes which were mainly
based on the instantaneous CSI [22], [29], we propose
an optimal multi-user scheduling scheme considering
both the instantaneous and statistical CSI. In particular,
we design the optimal weight factors, which are based on
long-term statistical CSI and under the link balance cri-
teria, to assist the user scheduling process. By designing
the weight factors, it is able to balance the utility ratios of
different links as we can allocate more time slots to the
links with poor qualities and less time slots to the links
with strong qualities, which is counter-intuitive. In this
way, the throughput gaps between the poor links and
strong links can be mitigated, bringing in improvement
of the overall system throughput.

« In the adaptive power transmission scenario, we consider
the system average power constraint, under which the
transmit power of the selected user is adaptively designed
and the exact closed-form power allocation expressions
are obtained. In addition, a joint optimal multi-user
scheduling scheme with the power allocation scheme
is proposed. Combining the optimal weight factors and
the optimal power allocation, novel selection functions,
based on which to schedule the users, are obtained. The
proposed scheme not only balances different links but
also further improves the system throughput compared to
that of the fixed power transmission scenario.

o To validate the effectiveness of the proposed schemes,
we conduct extensive numerical simulations. First,
the weight factors under different cases are demonstrated,
which are consistent with the theoretical derivations.
In addition, the system throughput of the proposed
schemes are compared with that of the previous schemes,
including the Max-Min scheme and PFS scheme. The
results validate that the proposed schemes can effectively
balance the channel disparities between different links.
Furthermore, the results show that in the adaptive power
transmission scenario, the throughput can be further
improved compared to that of the fixed power transmis-
sion counterparts.

C. Outline of the Paper

The rest of this paper is organized as follows. Section II
describes the considered system model, CSI requirements and
basic transmission scheme. Two optimal scheduling schemes
for the fixed and adaptive power transmission scenarios are
proposed in section IIT and section IV, respectively. Section V
analyzes the system throughput under Rayleigh fading envi-
ronment. Numerical simulations are presented in section VI.
Finally, section VII concludes this paper.

II. SYSTEM MODEL

In this section, we elaborate on the physical-layer channel
model, CSI requirements and basic transmission scheme.
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Fig. 1. The multi-user buffer-aided relay system model, which comprises
N pairs of users and a relay node. The source S; is sending information to
the destination D; with the help of the relay node, which is equipped with

N buffers from B; to By. The messages from S; are first stored in the
buffer B; and forwarded to Dj; in the later time slots.

A. Channel Model

As shown in Fig. 1, we consider a single antenna multi-
user buffer-aided FD relay system,! where all the users
are equipped with only one antenna and the relay node is
equipped with two antennas, one for transmission and the
other for reception, to achieve the FD transmission [20]. The
N pairs of users are pre-defined, i.e., S; sends messages
to Dy, ¢ € {1,2,...,N}. It is assumed that the direct links
between source nodes and destination nodes do not exist
due to the propagation loss, shadowing effects and penetra-
tion losses [S5]—-[7]. The pair-wise communication procedures
between S; and D; can only be established via the relay node,
which is equipped with N buffers> from B; to By. In this
paper, we assume that by using the methods in [18]-[20],
the self-interference can be effectively suppressed. Hence,
only the residual self-interference (RSI) after suppression is
considered in the following analysis. The messages transmitted
by the source node S; are first stored in the buffer B;, and
then re-encoded and forwarded to the destination D; when the
R-Dj link is selected.

We denote the channel coefficients of the links S;-R and
R-D; in the #-th time slot as hg, (t) and hg, (), respectively.
We assume that hs, (t) and hg,(t) are assumed to be i.ni.d.
complex Gaussian random variables. In addition, the duration
of each time slot is assumed to be equal to the channel
coherent time. Thus, the channels can be viewed as block
fading channels. Furthermore, we consider a relatively steady
system rather than a highly dynamic network such that the
mobility of the mobile users can be neglected. Hence, we
assume that the relay node can obtain the statistical CSI,
such as mean value, variance and distribution functions, which
are used to facilitate the proposed scheduling schemes. The

'The utilization of the buffer at the relay node aims to improve the
system throughput. The considered system model targeting on the applications
without strict delay requirements, for example the multimedia content sharing
between user nodes via the relay node during the network off-peak times.

2t is can be achieved by dividing one buffer into N logical partitions
according to the number of user pairs.
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transmit power of the source node S; is denoted by P;,(t),
the transmit power of the relay node forwarding messages to
destination D; is denoted by Py, (t), respectively. The instan-
taneous SINRs of the S;-R and R-D;j links in the #-th time slot
are given by s, (t) £ s, (t)gs, () and 74, (1) £ wa, (t)ga, (1),
where gs,(t) = |hs, (t)]? and ga,(t) = |ha,(t)]> denote
the channel gains of the S;-R and R-D; links, respectively.
ps(t) = 55 and 4, (1) = 20
SINRs of the source node S; and the r7élay R, respectively. o2
and Ui denote the variances of the additive white Gaussian
noise at the relay node R and the destination node Dj,
respectively. o2 denotes the variance of the RSI after self-
interference cancellation [17], [18]. According to [16]-[20],
[30], the effects of the RSI is model as additive Gaussian
noise that reduces the received SINR performance. In addition,
we denote the average channel gains as ,, 2 E{g,,(t)} and
Q4, = E{ga,(t)}, and the average SINR as O, = E{v,(t)}
and ©,4, = E{~q4,(t)}. Here, we present the channel capacity
expressions of the S;-R and R-Dj links as

Cs, (t) = logy [1 + s, (1)), (D
Cdi (t) = 10g2 [1 + Y, (t)]a (2)

denote the transmit

respectively.

B. CSI Requirements

To perform the optimal multi-user scheduling scheme,
the knowledge of both the instantaneous CSI, i.e., channel
quality indicator [31], and statistical CSI, i.e., channel distri-
bution information [32], [33], are needed at the relay node.
Similar to the current system design, the instantaneous CSI is
acquired at the beginning of each time slot and used for the
whole time slot. Each time slot is divided into two phases,
CSI acquisition phase and data transmission phase. In the
CSI acquisition phase, all the source nodes and destination
nodes transmit pilot signals along with the system information,
e.g., connection requests, to the relay node in the orthogonal
manner. Based on the received signals, the relay node can
obtain the instantaneous CSI [34]. It is noted that in order
to perform coherent demodulation, pilot signals are needed at
the receiver [35]. Hence, there will be no additional overhead
on the radio links for CSI estimation. Based on the estimated
CSI, the relay node selects the source node and destination
node according to the proposed schemes. Then, the data
transmission phase begins. In addition, we assume that over
a much longer period of time, the relay node can obtain
statistical CSI, which provides the distribution knowledge of
the random channel variation. Based on the CSI, the relay
node can select the best source node and destination node in
each time slot according to the proposed schemes. It should
be noted that in this paper, we focus on the design of the
multi-user scheduling schemes. Thus, the channel estimation
error, the CSI outdated problem and the quantization error are
omitted.

C. Basic Transmission Scheme

In this paper, we propose two optimal user scheduling
schemes for the multi-user buffer-aided FD relay system under
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fixed and adaptive power transmission scenarios. With the
FD mode, the relay node can schedule one source to relay link
and one relay-to-destination link, simultaneously, according to
the selection criteria (refer to Section III and Section IV). Next,
we briefly explain the basic transmission schemes used in this
paper.

If the source node S; is selected to send messages in the
t-th time slot, it transmits with the rate given by [24], [36]

L—-Qi(t-1)
Ty

where Ty denotes the duration of each time slot. L is the size
of the each buffer. Here, we consider that the source nodes
always have data to transmit following [24], [36].

The messages will be first stored in the buffer B;. If the
destination node Dj is selected to receive messages in the
t-th time slot, the relay node transmits with the rate given by

Rdi (t) = min{%{;l)v Cdi (t)}v 4)

RSa, (t) = min{csi (t)7 }7 (3)

We use @;(t) to denote the buffer state of the buffer B; in
the 7-th time slot. The buffer state is updated by

Qi(t) = Qi(t — 1) + Ry, () Ty — Ra, (t)Ty. )

III. OPTIMAL USER SCHEDULING SCHEME WITH
F1XED POWER TRANSMISSION

In this section, we first review two existing multi-user
scheduling schemes for the two-hop relay systems. Then
the throughput maximization problem is formulated and the
optimal multi-user scheduling scheme is proposed for the con-
sidered system under the fixed power transmission scenario.

A. Existing User Scheduling Schemes

In the traditional multi-user relay systems with or without
buffers, there are mainly two kinds of scheduling schemes.
In the next, we briefly review two typical multi-user scheduling
schemes: Max-Min user scheduling scheme [22] and Max-
Max user scheduling scheme [29], which are both applica-
ble for the considered system in this paper. For simplicity,
we assume that the transmitting powers of the selected source
node and the relay node are fixed, i.e., Ps,(t) = Ps, and
Py, (t) = Py,.

1) Max-Min Scheduling Scheme: This user scheduling
scheme is mainly designed for the FD multi-user relay system
without buffer [22]. In this scheme, one pair of users have to
be selected simultaneously in each time slot. The messages
received by the relay node need to be forwarded to the
destination node immediately owing to the lack of storage
capability. The scheme is presented in the following.

Max-Min scheduling scheme: The index of the selected user
pair is given by

i=1

k = arg v_maXN min{gs,, gd, }, (6)

where k is the index of the selected pair. For comparison
purpose, the throughput is considered as the performance
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metric in this paper. The system throughput of the Max-Min
scheme is given by

N T
LSS atymin{Ry (). Ba (). ()

i=1 t=1

7;7"11,1 = lim

T—o00

where p;(t) denotes the user scheduling indicator. If the i-th

pair is selected in the -th time slot, p;(t) = 1, otherwise,

pi(t) = 0. R, (t) and Ry, (t) denote the transmission rates of
the source nodes and relay node, respectively.

For this scheduling scheme, there are mainly two disad-
vantages: 1) The throughput is always limited by the worse
one of the S;-R and R-Dj links. Since the relay node is not
equipped with a buffer, the received messages needs to be
transmitted immediately. The transmission rate is limited by
the minimal one of Ry, (t) and Ry, (t). 2) Some user pairs
with poor channel qualities have less chance to be scheduled.
The pairs with poor channel qualities can be divided into two
groups. In the first group, all the pairs have poor channel
qualities for both the S;-R and R-Dj links. It is intuitive that
they will be selected only within a few time slots. In the second
group, each pair has good channel quality for only one of the
S;-R and R-D; links and poor channel qualities of the other
link. This group of users will be selected only within a few
time slots as well because the worse links limit the selection
probability. Actually, worse situations may happen for both
groups that some users under poor channel conditions will
never be selected. In this case, the channel resources of the
good links are wasted and the poor links become the bottleneck
for improving the system performance.

2) Max-Max Scheduling Scheme: This scheme is origi-
nally designed to solve the relay selection problem for the
buffer-aided multi-relay system [25]. However, it could be
extended to the multi-user scheduling for the considered multi-
user buffer-aided relay system. For the Max-Max scheduling
scheme, owing to the buffer capability, the relay node can
always choose the user with best channel condition. It is
described in the following.

Max-Max Scheduling Scheme: the indexes of the selected
source and destination are given by

ks = arg max {gs.}, ®)
ha = arg max {ga}, ©)

where k, and k; denote the indexes of the selected source
and destination, respectively. For this scheduling scheme, the
throughput of the system is given by

1 N T T
7:‘/7"(172 = Thjgo T ; min{tz:; Pi (t)R97 (t)a tz:; qi (t)Rdi (t)}7
(10)

where p;(t) and ¢;(t) denote the selection indicator of the
source nodes and destination nodes, respectively. If the i-th
source (or destination) node is selected in the ¢-th time slot,
pi(t) =1 (or g;(t) = 1), otherwise, p;(t) = 0 (or ¢;(t) = 0).

Although the Max-Max scheme can fully utilize the wireless
channel diversity, we note that it does not solve the chan-
nel unbalance problem, i.e., system performance degradation
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incurred by the disparities of channel qualities between differ-
ent links. The links with poor channel conditions will always
have little chance to be selected. Hence, the throughput of
each pair is still limited by the worse one of the S;-R link
and R-D; link. In this scheme, the same disadvantages as that
of the Max-Min scheme still exist although the relay node is
equipped with a buffer.

B. Problem Formulation

To overcome the disadvantages incurred by the channel
unbalance problem, in this part, we formulate the throughput
maximization problem for fixed power transmission scenario.
We use the binary variables p;(¢) and ¢;(t) to denote the
indicator of which S; and D; are selected in the #-th time
slot, respectively. We have the following definition:

Definition 1: For the source nodes

1, the node S; is selected
pi(t) = . (11)
0, otherwise
For the destination nodes
1, the node D; is selected
ai(t) = . (12)
0, otherwise

Since we have considered the FD enabled relay node,
one source node and one destination node can be selected
simultaneously in each time slot. We have the following
constraint.

N
> pilt) =1, (13)
Z]:Vl
> at) =1 (14)
=1

In addition, we assume that all the source nodes have
enough backlogged messages to transmit [24], [36]. Thus, the
average transmission rate of the source S; is given by

5)

and the average departure rate of the i-th buffer B; at the relay
node is given by

»—Tllnéo—Zqz )R, ( (16)

The system throughput can be explained as the sum of
average receiving rate of all the destination nodes. It is
given by

o;m‘ Z Rd = hm Z Z Q'L Rd

zltl

A7)

Based on (15) and (16), the stationary conditions of the
buffer at the relay node are given by Lemma 1 and Lemma 2.

Lemma 1: For a stationary buffer-aided relay system,
the average arrival rate and the departure rate of the buffer
B; have to satisfy

Ry, <Ry, i€{l,...,N}. (18)

IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 18, NO. 6, JUNE 2019

Proof: In order to be stationary, the length of the queue in
the buffer cannot increase infinitely. However, according to the
queueing theory [37], if Rs, > Rg,, the length of the queue
will approach to infinity over the infinite time horizon, which
will lead to the overflow of the buffer. Hence, we have this
lemma. 0

Lemma 2: To maximize the system throughput, the buffers
at the relay node have to be at the edge of non-absorbing
state, i.e.,

Ry, =Rq, i€{l,...,N}. (19)

Proof:  This is a necessary condition of the system
throughput maximization. According the information flow,
we have that R,, > R4,. Combing with Lemma 1, we have
that when the throughput is maximized R,, = Ry,. 0

With this lemma and assuming the buffer size is large
enough, we can observe that the minimal limitation in
(3) and (4) can be neglected. When the average arrival rate
equals to the average departure rate, the queue length will be
in a steady state and large enough, which means the relay node
always has enough messages stored in the buffers. This can
also be explained as that there are only countable time slots
that the buffers have insufficient messages to transmit. After
being averaged over infinite time horizon, the effects of these

countable time slots can be neglected [24]. Hence, we can
simplify the system throughput as

opt Tlggo - Z Z Q'L Cd

=1 t=1

(20)

Now, we are ready to present the throughput maximization
problem Py

max Topt
pi(t),q:(t)
s.t. R,, = Rq,, Vi (21)
N
> opit)=1, vt (22)
1=1
N
dat)y=1, vt (23)
=1
pi(t) € {0,1}, Vi, t (24)
a(t) € {0,1}, Vi, t (25)

where (21) ensures that every buffer is at the edge of non-
absorbing state. (22) and (23) guarantee that only one source
and one destination are selected during each time slot. (24)
and (25) ensure that there are only two states of each source
node and each destination node, i.e., selected or unselected.
We note that the original problem P; is a 2N dimen-
sional binary integer programming problem over infinite time
horizon. To solve this problem, we relax the binary decision
variables p;(t) and ¢;(¢) to be continuous ones ranging from
0 to 1, ie., pi(t),q:(t) € [0,1] [38]. The problem after
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relaxation is denoted by Ps, which is given by

max  Topt
Pi(t),qi(t)
st (21),(22), (23),
pi(t) > 0, Vi, t (27)
L= qi(t) >0, ¥i, t (28)

where the constraints (26) and (27) denote the range of p;(t)
after relaxation. (28) and (29) denote the range of ¢;(t) after
relaxation.

We note that after relaxation, the original problem converts
to a 2NN-dimensional linear programming problem over the
infinite time horizon. For this problem, the optimal solution
locates at the boundary of the feasible set, i.e., p;(t), ¢ (t) =
0 or 1, which means that the problems P; and P» have the
same solution. Hence, the optimal solution of the problem P,
is also the optimal solution of the original problem, which will
be shown in the proof of Theorem I.

C. Optimal Multi-User Scheduling Scheme With Fixed
Power Transmission

In this section, we present the proposed optimal multi-user
scheduling scheme for the fixed power transmission scenario
of the considered system.

Theorem 1: The proposed optimal multi-user scheduling
scheme for the considered multi-user buffer-aided FD relay
system under fixed power transmission scenario is given by:

For the source nodes:

1, k= arg max T(t)
p(t) = =1 N (30)
0, otherwise
For the destination nodes:
1, k= arg max A;(t)
au(t) = =L N (31
0, otherwise
where the selection functions are given by
Li(t) = =X, (32)
Ai(t) = (1+ X)) F(va, (1)), (33)
where
F(x) = logy(1 + ), (34)

and \; € (—1,0) denotes the optimal weight factor of the i-th
pair and it satisfies the following equation

E{pi(t)Cs; ()} = E{qi(t)Ca, ()}

Proof: Please see Appendix A. (]

It is noted that this scheme is particularly suitable for
the i.ni.d. fading environment. Unlike the traditional multi-
user scheduling schemes, in which the system performance is
limited by the worse links, the proposed scheme can balance
the disparities between the S;-R and R-D; links by introducing
the weight factor \;. For instance, we assume that the average

(35)
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channel gains of the first pair are 0.9 and 4, = 0.1. We may
set Ay = —0.1, then 1+ Ay = 0.9, which is equivalent to that
the S;-R link is weakened by factor 0.1 but the R-D; link is
only weakened with factor 0.9 (see Fig. 2 and Fig. 4 for more
details). The source node S; will be selected in less time slots
and the destination node D; will be selected in more time
slots. By this way, the throughput of the link S;-R and link
R-D; can be balanced.

In the proposed optimal multi-user scheduling scheme,
the optimal weight factor \; of each pair is given by the
following corollary.

Corollary 1: For the proposed optimal multi-user schedul-
ing scheme in Theorem 1, the optimal weight factor \; can be
obtained by solving the following equation

[} N H;
LV IL [ f e, | toss +-a (e

j=1,5#i "0

oo N M,
[T [ i a0 )

j=1j#i "0
(36)
where
4 —1 Ai
H,, = F (- F(x1)), (37)
J >\j
. 1+ )\
Lo=Ft ~F(yi 38

and f-, (%), f~, (yi) denote the probability density functions
(pdfs) of the SINRs ~,, and vy, respectively. F~'(x) denotes
the inverse function of F(x) in (34).
Proof: Please see Appendix B. 0

With this corollary, we can obtain the optimal weight factor
A; using the built-in functions of the software packages such
as Matlab or Mathematica. Based on the optimal multi-user
scheduling scheme, the system performance is given by the
following corollary.

Corollary 2: With the optimal multi-user scheduling
scheme, the system throughput can be evaluated by

N 0o N HQ]

T =>_[ | TI | o, dy|logs(1+2) 1, (2)de.
— o L. > Jo !
1=1 J=1,j#1

(39)

Proof: Referring to the Appendix B and then using the
Total Probability Theorem, this corollary can be obtained. The
details of the proof are omitted here. 0

IV. OPTIMAL USER SCHEDULING SCHEME WITH
ADAPTIVE POWER TRANSMISSION

In addition to the scheme for the fixed power transmission
scenario, in this section, we propose an optimal multi-user
scheduling scheme under adaptive power transmission sce-
nario. We consider the system average sum power constraint,
under which the transmit powers of the source nodes and the
relay node are adaptively designed to maximize the system
throughput.
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A. Problem Formulation

The problem of the optimal multi-user scheduling scheme
with adaptive power transmission is formulated in this section.
The average power consumption of each source node and
the relay node forwarding information to each destination is
given by

_ 1 E

PSi = E{pl(t)PSL (t)} = Th—{I;o ? Zpi(t)PSi (t)a (40)

7 ) t;l

Pa, = B{lg;(t)Pa, (1)} = lim — > ai(t)Pa(t), (1)
t=1

respectively.
We consider the following the sum power consumption
constraint

< Poum. (42)

N N
> P,+> P
=1 =1

The throughput maximization problem Ps under the average
sum power constraint after relaxation [38] is given by

7—opt
(t)vql(t) Qoa (t) @d (t)
t. (21),(22),(23),(26), (27), (28), (29)
N N
=1 1=1
P.(H)>0, Vi (44)
Py (t) >0, Vi (45)

B. Optimal Multi-User Scheduling Scheme With Adaptive
Power Transmission

In this section, we propose an optimal multi-user schedul-
ing scheme for the considered adaptive power transmission
scenario.

Theorem 2: The optimal multi-user scheduling scheme with
adaptive power allocation is given by

1, k =argmaxW;(t)
pi(t) = B (46)
0, otherwise
1, k =argmax®,(t)
qr(t) = S 47)
0, otherwise
—HE 1 e In(2)v
— , If gs, (t) >
Put) =@y 3@ T T )
0, otherwise
1+ pg 1 o In(2)v
- , i gaq. (t) >
Pty = @y @ T T a)
0, otherwise
where selection functions V;(t) and ®;(t) are given by
\Ill(t) = —Hi 1Og2[1 + PSi (t)gsi (t)] - VPSi (t)a (50)
@;(t) = (1+ pa)logy[l + P, ()ga, (t)] — vPa, (),  (SD)
where ; and v denote the Lagrangian multipliers.
Proof: Please refer to Appendix C. (]
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From the above power allocation expressions, it is noted
that the transmit power may equal to zero when the channel
gain is below a certain threshold. This means that when a
source node or destination node is selected, it may stay silent
in these time slots due to the over low instantaneous channel
gain. This phenomenon coincides with our intuition that these
time slots will consume too much power but not bring much
performance improvement. In this case, it is better to keep
silent and use the saved power to transmit messages when the
instantaneous channel becomes more moderate.

The optimal value of the multipliers p; and v can be found
by the following corollary.

Corollary 3: The optimal value of ; and v can be obtained
by solving the following equations

/mfjw[ H G ]bgz ()

Jj=1,j#1

:/oo { ﬁ CZ;J} logz(m)fgd (yi)dyi,

L) fr., (@i)da:

Ty L= In(2)v
(52)
M oo M
i —Hi i 3 , ,
Z{/_m(zw [ H 4 SJ}(ln@)y xi)fgsi (ws)des
i=1 s ]—1 VE)
1+ m
In(2)0 |: HCd ] 111 )fgd (yz)dyz} Psum,
(It -j=1,5#i
(53)
where
. :/ " fa., (@)day, (54)
0
: €4,
Ca, = faa; Wi)dys, (55)
0
. In(2
;J - nl( ()21)/ In(2)v\ 25y’ (56)
1W( — exp(4: + % —1)(Z=0))
i In(2)v /(1 + p )
gdj N W 14ps In(2)v 1 In(2)v % ’
(_ exp( Trpy — (Fpi)ye )((1+ui)yi> J)
(57)

where W(-) denotes the Lambert W-function.
Proof: Please see Appendix D. 0
It is noted that for the optimal p; and v, they has to
satisfy —1 < p; < 0 and v > 0. To obtain the optimal p;
and v, we have to solve the equations (52) and (53). These
two functions can be solved by the numerical methods using
softwares such as Matlab and Mathematica. Actually, since
(52) and (53) only depends on the statistical characteristics of
Js, (t) and g4, (t), the optimal value of ; and v can be obtained
in advance and be used for the subsequent time slots.
Corollary 4: With the optimal user scheduling and adaptive
power transmission, the system throughput can be evaluated by

N
Topt = Z/ln(z),, [ H Cd :| M)f?di (yt)dyi

i=1"Y (tpy) “j=1,j#i (2)
(58)
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Proof:  Referring to the Appendix D and using the
Total Probability Theorem, the system throughput can be
obtained. O

V. PERFORMANCE ANALYSIS

In this section, we consider the practical Rayleigh fading
environment and present specific system throughput expres-
sions of the proposed optimal scheduling schemes with the
fixed power transmission and adaptive power transmission.

A. System Throughput With Fixed Power Transmission

We consider the Rayleigh distributed channel gains to
model the non-line-of-sight propagation environment. Hence,
the link SINRS s, (¢) and g4, (¢) are subject to the exponential
distribution. The pdfs of f.,, (z) and f,, (y) are given by

T4

0.,

i

fre, (@) = z—exp(—5—), (59)

1
0.,

1 Yi
Fra, (i) = o exp(— @; ), (60)
where ©;, and Og4, denote the mean values of the random
variables s, (t) and -4, (t), respectively.
Then, (37) and (38) can be simplified as

A

HL, = (1+a)™ —1, (61)
. 14X
a, = (T+y;) ™ — 1. (62)
After some simple operations, (36) can be simplified as
M 2
Jo LI (oo (-560))
H l—exp| — — .
S *
1 i
x logy (1 + ﬂ?z)a exp ( - @x—&)dmi
R (14 2) ™ —1
LI (e ()]
0 L=t %
x lo (1+x')iex — 2 ) da (63)
g2 1 @di p (_) ) (2

by which we can find the optimal ); via numerical methods.
Then the optimal system throughput of (39) is given by

N
e 1 T
Tont = / logo (1 4+ x;) — ex (— z)
pt ; o g )Gd,- p O,

M 1 s 1
) 1+A;
X H 1 —exp —% dx;.
j=1#i %
(64)

B. System Throughput With Adaptive Power Transmission

Under the consideration of Rayleigh distribution, the distri-
bution of g, (¢) and g4, (t) are given by

1 €T;

fo., (i) = o eXP(—Q—Si), (65)
1 i

Fou () = o exp(— ), (66
d; d;
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Accordingly, (52) and (53) can be expressed as
- : exp(2)

[e'e] é’ T
— exp(23 Py
[ o] 0 e () loma ()

wi | J=1J#4

dl’i

M i
- Sa,

:/ln(2>u H (1—exp( de )|logs (

+r) | J=1,57#1

(1+Ni)yi) exp(g, )dyi,

In(2)v Qq, |

i

(67)
M 0o

>{/

Q
J=1,j#i 83

In(2)v
Hi

dl’i

Il —exp(%_)]

dyi} = ]Bsumv (68)
where fij and féj are given by (56) and (57).

Based on the two equations, we can obtain the optimal
Lagrangian multipliers z; and v. Then, the system throughput
can be evaluated by

T =3 oo | 10 (1_exp(éij>]

i=1 7 W Lj=1,j7i d;

—Yi
(L + p)y, ©P(gy)
x 1 ———dy;. (69
OgQ( 11’1(2)1/ Qdi Yi ( )
VI. NUMERICAL SIMULATIONS
In this section, theoretical evaluations and Monte

Carlo (MC) simulations are presented to illustrate the
system throughput of the proposed multi-user scheduling
schemes. The throughput of the Max-Max scheduling scheme
[25] and the PFS scheme [27], [28] are presented as well. It is
noted that the simulation results in [25] have shown that the
Max-Max scheme outperforms the Max-Min scheme. Hence,
we only compare the Max-Max scheme with the proposed
schemes in terms of the system throughput.

A. Fixed Power Transmission

In this section, we consider two cases: i) changing the
qualities of the channels between the source and relay, relay
and destination; ii) changing the qualities of the channels
between different source nodes and the relay node. In addition,
we present the sub-optimal method, in which we replace the
optimal metric function F(x) = log(1 + z) in the equation
(34) with F(r) = z, which achieves the similar system
performance but reduces the computation complexity.

Fig. 2 plots the optimal and sub-optimal weight factor \;
for the case of changing the channel qualities of the S;-R
and R-D; links. We set N = 2, Q,, = 04, Q4, = 0.6
and Qg + 94, = 1. The variances of the noise and the
RSI are set to 1 [18]. By changing the ratio of Q, /Qq4,,
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links.

System throughput with changing the qualities of S1-R and R-Dy

we calculate the weight factors \; and A\s. The simulation
results verify that the value of \; varies between —1 and 0. In
addition, we note that with the increase of the ratio g, /Qq,,
A1 increases from —1 to O, which is consistent with our
intuition, i.e., the larger A\; leads to that S; is selected in less
time slots than D;. What’s more, the variation of €, /Qq4,
will also affect the value of Ay. When Qg /Qg, is very large,
Ao will approach to —1, which implies that S; is selected
in less time slots and Sy is selected in more time slots.
This insight reveals the advantages of our proposed multi-user
scheduling scheme. By multiplying different weight factors,
we can adjust the selection probabilities of different nodes.
In this way, the performance gaps between different links can
be balanced.

Fig. 3 shows the system throughput with the variation of
the ratio of Qg, /Qq4,. In this figure, we compare the system
throughput of the proposed scheme with that of the Max-
Max scheme and the PFS scheme. In addition, the system
throughput of proposed scheme without delay constraint is
compared to that under delay constraint, where we consider the
“buffer-starvation” policy, i.e., when the latency of the packets
in the buffer is close to the delay constraint, the corresponding
relay-to-destination link will be scheduled in the following
time slot. This scheme can only serve as a heuristic policy to

IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 18, NO. 6, JUNE 2019

0 Py — e
®
0.2 3
s
Z
% 04 ——Opt_\;
& —o—Opt_X\y
"g —4- Subopt_\;
= 06" # —@ Subopt_A\y
&0 0/
5
E ,"
0.8} o
2 -1.5 -1 0.5 0 0.5 1 L5 2
lg(Q-ﬂ/QSz)
Fig. 4. Weight factors with changing the qualities of S;-R and S2-R links.
0.8
0.7 1

o o
n >N
Py +0
I I

=
S
:
.

[=1

v
{
<

—®—Pro_Opt_Sche: delay uncons
—#—Pro_Subopt_Sche 4
—#—Tra_Max-Max_Sche
—+—Propor_Fair_Sche

System throughput (bps/Hz)
=3
S

0.17 —*—Pro_Opt_Sche: delay cons Y
-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
lg(€2, /€2s,)
Fig. 5. System throughput with changing the qualities of S1-R and S2-R
links.

deal with the delay constraint. In the numerical simulation,
the delay constraint is 60 for each pair. Once the latency
of the packets in one buffer is over 50, the corresponding
destination node will be selected in the following time slot.
This figure demonstrates the superiority of the proposed user
scheduling scheme, which achieves better performance than
both the Max-Max scheduling scheme and the PFS scheme.
The results validate that the PFS scheme does not fit for the
two-hop relay systems. In addition, it is noted that system
with delay constraint almost achieves the same throughput as
that without delay constraint. However, within some region,
all the scheduling schemes achieve the same performance. The
reason is that all the source to relay links almost have the same
quality and all the relay-to-destination almost have the same
quality. Hence, the proposed scheme degrades to the Max-Max
scheduling scheme.

In Fig. 4, we plot the optimal and sub-optimal weight factor
A; while changing the channel qualities of S;-R and S2-R
links. We set g, = 0.4, Q4, = 0.6 and Q,, + Q,, =1
and change the ratio of €, /Qs,. The variances of the RSI
and noise are set to 1. This figure shows the relationship
between the variation of the weight factors A; and Ay. The
results reveal that in the low €, /Q, regime, i.e., the S1-R
link is weaker than the So-R link, Ay is close to —1, but Ay
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Fig. 6. The optimal weight factors and the corresponding system throughput
with changing the qualities of the S1-R and R-D1 links.

is close to 0. Hence, the S;-R link will be selected in more
time slots than the S»-R link. This insight reveals another
advantage of the proposed scheme, i.e., the ability to balance
the throughput gaps between different source-to-relay links.
In addition, we note that when €, /Qg, = 2/3, A1 and Ao
almost have the same value and the curves are almost vertical.
In this case, the links S;-R and So-R have the same quality,
the links R-D; and R-D5 have the same quality. The proposed
scheme degrades to the Max-Max user scheduling scheme.
Fig. 5 plots the system throughput with the variation of the
ratio g, /Q,. The parameters are set the same as that of
Fig. 4. Fig. 5 demonstrates the superiorities of the proposed
scheme, i.e., achieving maximum system throughput. For the
PFS scheme, the throughput decreases rapidly in the highly
unbalanced regime, which validates that PFS scheme cannot
serve the multi-user relay systems well. By designing the
weight factors, the proposed scheme always achieves higher
throughput. In addition, we note that when €25, /Qs, = 2/3,
all the schemes achieve the same system throughput, meaning
that the proposed scheme degrades to the Max-Max scheme.

B. Adaptive Power Transmission

In this section, we evaluate the system performance of
the proposed scheme with adaptive power transmission. The
transmit power is adaptively designed under the total average
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Fig. 7. The optimal weight factors and the system throughput with changing
the qualities of S1-R and S2-R links.

power consumption constraint. We compare the performance
of the proposed scheme under the fixed power transmission,
Max-Max scheme and the PFS scheme.

Fig. 6 investigates the system performance of the proposed
multi-user scheduling scheme with changing the channel qual-
ities of the S1-R and R-D; links. Fig. 6(a) shows the obtained
optimal weight factors \; and ;. Fig. 6(b) compares the cor-
responding system throughput under different schemes. In the
simulation, we set ©,, = 0.4, ©4, = 0.6 and O,, + 0,4, = 1.
The total average power is set as Pk, = 2. This figure reveals
that the system throughput of the adaptive power transmission
scenario outperforms that of the fixed power transmission
scenario. In addition, the proposed scheme for adaptive power
transmission always achieves higher throughput than both the
Max-Max and PFS scheme.

Fig. 7 illustrates the system throughput of the proposed
scheme with adaptive power transmission by changing of
channel qualities of the S;-R and S»-R links. Fig. 7(a) shows
the obtained optimal weight factor A; and p;. The system
throughput under different schemes is presented in Fig. 7(b).
The parameters are set as G4, = 0.4, O4, = 0.6 and O4, +
O,, = 1. This figure exhibits that the adaptive power trans-
mission scenario outperforms the fixed power transmission
scenario, as well as the Max-Max scheme and the PFS scheme.
The results further confirm the superiority of the proposed
scheme and the proposed power allocation. By designing the
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optimal weight factors according to the statistical CSI and
combining with the adaptive power transmission, the perfor-
mance gaps between different links can be alleviated and the
system throughput can be improved.

VII. CONCLUSION

In this paper, we addressed the channel unbalance problem
of the i.ni.d. multi-user scheduling relay system. In particular,
two optimal scheduling schemes were proposed for FD buffer-
aided multi-user relay system under the fixed and adaptive
power transmission scenario, respectively. In the proposed
schemes, the weight factor of each pair was calculated accord-
ing to the statistical CSI. By designing the optimal weight
factors, the proposed schemes could mitigate the throughput
gaps between different links. In addition, in the adaptive power
transmission scenario, the closed-form optimal power alloca-
tion expressions were derived. Combining the optimal weight
factors with optimal power allocation expressions, novel selec-
tion functions were obtained. Numerical simulations verified
superiority in terms of achieving maximum system throughput
of the proposed schemes.

APPENDIX A
PROOF OF THEOREM 1

We note that the problem P, is a 2N-dimensional linear
programming problem over infinite time horizon. For this
problem, the optimal solution satisfies the KKT optimal con-
ditions. Hence, the Lagrangian function can be expressed as
£(p1(t)7 qt(t)7 )"U Oé(t), B(t)7 i (t)7 Vi(t)7 Ei(t)7 Uz(t))
N

1 T

T D ait)Ca,(t)
=1 t=1

1 T

+ T Z Ai@i(t)Ca, (t) — pi(t)Cs, (t)]

=1
N N
+a(t)[l - Zpi(t)] +6t)[1~ Zqz‘(m
FOL = pil0)] + i)
e — q(t)] + mt)q(t) (70)
where X\;, a(t), B(t), ui(t), vi(t), €i(t) and n;(t) are the

Lagrange multipliers. Differentiate the L(-) function with
regard to p;(t) and ¢;(t), and set them to zero, i.e.,

oL oL

=0, =0, 71
O R TA0) o
we get
—Ai%csi (t) — a(t) — () +vi(t) =0, (72)
1
1+ /\i)?cdi (t) — B(t) —ei(t) +mi(t) =0,  (73)
respectively.

If we let pi(t) = 1, we obtain that v (t) = 0, u;(t) = 0,
i # k, according to the complementary slackness theorem.
Substituting them into (72), we have

Tlo(t) + ()] = —=ACs, (8) = Tk(t)

Tla(t) —vi(t)] = —XCs, (t) £Ti(t), i#k (74)
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Since pi(t) > 0, v;(t) > 0, we have T'y(t) > T(t),
i # k, where T';(t) denotes the optimal decision function
for the source nodes. Here, we can conclude that if py(t) =
1, Tx(t) > max{I[;(¢)}. Hitherto, we obtain the optimal
scheduling scheme for the source nodes. In the similar way,
if we set g;(t) = 1, we have

TB(t) +ex(®)] = (1+ A)Cay (t) = A,
TIB(E) —mi(t)] = (14 X:)Cu, (1) = A, (75)
where e (t) > 0, n;(t) > 0, we have Ai(t) > Ai(t),i # k,

which denotes the selection functions for the destination nodes.
Hitherto, we obtain the optimal scheduling scheme for the
destination nodes.

Next, we need to specify the range of the optimal weight
factors \;. First, in order to make the buffers at the edge of
non-absorb state, the average arrival rate should equal to the
average departure rate, we have

E{pi(t)Cs, ()} = E{qi(t)Ca, ()}

Second, if \; =0 or A\; + 1 = 0, the corresponding source
S; or destination D; will never be selected. Hence, we have
Ai ¢ {0,1}. Besides, we consider a special case, i.e., i.i.d.
fading environment, which means all the links have the same
quality. In this case, Ay = Ao = -+ = Ay. In order to
maximize the system throughput, the source node with the
maximum Cj, () and the destination node with maximum
Cy, (t) will be selected, which means \g, < 0and 1+M\g, > 0.
Hence, we can conclude that \; € (—1,0).

(76)

APPENDIX B
PROOF OF COROLLARY 1

First, we define 2 N-dimensional random variables, X =

{z1,22, - ,xn}and Y(¢) = {y1,y2, -+ ,yn}, of which the
pdfs are
fr(X H Fro, (@ (77)
Fra(Y H Fra, (i)- (78)

Hence, for i € {1,---, N}, we have

E{pi(t)Cs; ()} = fr. (X) ogy (1 4 2i)dX
—XF (s )<—>\'7-'(w..)
= H & T f . (xj)dx
/ . 1#1/ e, (T5) J}
x logy(1+ @) f,, (1)}, (79)
E{q:i(t)Ca; (1)} = fra(Y)log, (1 + yi)dY

(1+X;)F (V4 )<(1+)v)]"( d;)
/ H / f'Yd Yj dyj}
j=1,j#i

X 10 (1+ 92 Fr, (1)} (80)
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where ng and Hﬁj are given by (37) and (38). It is noted
that since we consider the block fading channel, the time
slot indexes are neglected in the R.H.S. of (79) and (80).
Substituting (79) and (80) into (35), we can get Corollary 1,
which ends the proof.

APPENDIX C
PROOF OF THEOREM 2

To solve problem P3, we first write the Lagrangian func-
tion as

L(pi(t), qi(t), s, (t), pa; (), i, (t), B(t), ¢i(t), 6i(t),
Yi(t), mi(t), v, wi(t), wi(t))

1 N
= Z Qz
i=1

t:l 3

1TN
7 20 2 e w0 logy (1 -+ g, ()9, (1))

)1oga (1 + @4, (t)ga,(t))

o~
Il
i
-
I
—

(81)

where the Lagrange multipliers p;, «(t), B(t), @;(t), 0:(t),
Y (t), ni(t), v, wi(t), w;(t) are chosen such that all the
constraints are satisfied.

For simplicity, we omit time slot indexex here. Differentiate
the Lagrangian function £(-) with regarding to p; and ¢;, and
set them to zero. We have

i Gs;
~ 08 (14 Py ) Ham git0im 7Py =0, (82)
(14 112) = logy (14 Py, 295 ) 4 B— s+ -—KP =0, (83)
j2% T 2o d; 0_2 i 115 T d; — Y,

d;
respectively.

We first consider the selection scheme for the source nodes.
If assuming the k-th source node Sy, is selected, we have §, =
0 and ¢; = 0 for ¢ # k according to the complementary
slackness theorem [24]. Substituting them into (82), we get

T(—Oé + ¢k) = _/'[/k’ 1Og2(1 + ququ) - VRGk é \I/k) (84)
T(_a - 51) = —Hi 10g2(1 + Pdigdi) —vP, £ Vi1 # k.
(85)

9s; 9d; .
p e Since ¢ > 0, §; > 0,

we have Uy > U, i # £k, where' W, denotes the selection

where gs, = and gq, =
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function for the source node S;. Here, we can conclude that
if pr = 1, U}, > max{¥,}. Hitherto, we obtain the optimal
scheduling scheme for the source nodes. In the similar way,
if we set g = 1, we have

T(_B_‘_wk’) = (1+Mk’) 10g2(1+P3kgSk)_VP3k £ (I)k’v
(86)
T(—=B—mn;) = (1+pi) logy (14 P4, ga,) —vPa, & ®;, i # k.
(87)

where 1, > 0, n; > 0, we have @y > ®;,7 # k, where ®;
denotes the optimal decision function of the destination Dj.
Hitherto, we have the optimal scheduling scheme for the
destination nodes.

Furthermore, we need to determine the value of Ps, and P, .
Differentiate the £(-) function with regard to P, and Py,, and
set them to zero. After differentiation we get

—HiDi Jsi v
: — mpitw; =0, (88
T m@+Pg,) T 9
L+ pipi 9d, v
. — —=q; +w; = 0. 89
T W@+ Pags) T ®
Assume p; # 0 and ¢; # 0, we get

—Hi 1
Pp=— 90
TR wd) 5 o

1 ; 2
P, = + Hi 1)

o2y — @i T)  Ga,

If there is a solution for (88), then (90) must be satisfied.

In addition, we note that when the power P, and P, are

nonzero, the Lagrangian multipliers w; and w,; will be zero

and vice versa. Since the normalized power is always non-
negative, we get

— [ 1 e In(2)v
— , if gs, (1) >
I e P M S O
0, otherwise
Similarly, we get
1+ py 1 L In(2)v
— , if ggq. (t) >
Py = { W@y ga® T T o)
0, otherwise
APPENDIX D

PROOF OF COROLLARY 3

The left hand side of (21) is the expectation of p;(t) logy (14
P, (t)gs,(t)), which is nonzero only when both p;(t) and
P, (t) are nonzero. The conditions that p;(t) and P;,(t) are
nonzero can be obtained from (46) and (48) and are given by

_ In(2)v
Si t) > -
guill) > —, (94)
&, > Gs,(t), Vij#i
where & is given by (56). p;(t)logy(1 + P, (t)gs;(t)) has

to be integrated over the region given by (94) to obtain
its expectation. This leads to the left side of (52). Simi-
larly, the right hand side of (21) is the expectation of the
qi(t) logo (14 Py, (t)ga, (1)), which is nonzero only when both
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qi(t) and Py, (t) are nonzero. The conditions that ¢;(t) and
~4,(t) are nonzero and can be obtained from (47) and (49).
They are given by

In(2)v
Ga, (1) > ——22
ga, (1) T+ n

95)

where &) is given by (57). To obtain the expectation,
qi(t) log, (J 1+ Py, (t)ga, (t)) has to be integrated over the region
given by (95). This leads to the right side of (52). Following a
similar procedure, we can obtain (53), which ends the proof.
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